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ABSTRACT 

We give a detailed analysis of pairs of vector and hypermultiplet theories 
with N = 2 supersymmetry in four spacetime dimensions that are related 
by the (classical) mirror map. The symplectic reparametrizations of the spe- 
cial Kahler space associated with the vector multiplets induce corresponding 
transformations on the hypermultiplets. We construct the Sp(l)xSp(?2) one- 
forms in terms of which the hypermultiplet couplings are encoded and ex- 
hibit their behaviour under symplectic reparametrizations. Both vector and 
hypermultiplet theories allow vectorial central charges in the supersymmetry 
algebra associated with integrals over the Kahler and hyper-Kahler forms, 
respectively. We show how these charges and the holomorphic BPS mass are 
related by the mirror map. 
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1 Introduction 



In four spacetime dimensions with N = 2 supersymmetry, there exist two inequivalent 
matter supermultiplets. One is the vector multiplet, which comprises states of hehc- 
ity ±1, ±1 and 0, the other is the hypermuhiplet with only states of helicity ±| and 
0. These supermultiplets appear in effective low-energy field theories for type-II string 
compactifications on a Calabi-Yau three-fold or for N = 2 heterotic string compactifica- 
tions on K3 x T2. When considering superstring compactifications on a pair of mirror 
Calabi-Yau spaces m the interesting phenomenon arises that the vector multiplets and 
the hypermultiplets in the four-dimensional effective action are interchanged. The same 
interchange is effected when compactifying type-IIA and type-IIB supergravity on the 
same Calabi-Yau manifold. This implies that, at least in string perturbation theory, the 
special Kahler and the quaternionic moduli spaces parametrized by the scalars of the 
vector multiplets and the hypermultiplets, are interchanged. In this interchange was 
studied in detail, at the level of both supergravity and string theory, by reducing to three 
dimensions, where differences in helicity content of the multiplets no longer play a role. 
In that case the target space factorizes into two quaternionic spaces, corresponding to 
the two sets of inequivalent supermultiplets 0. The map from special Kahler to quater- 
nionic manifolds was called the c map, because of its similarity to Calabi's construction 
for hyper-Kahler metrics on cotangent bundles of a Kahler manifold 0]. Through string 
duality [^], there exist further relations between the vector multiplet and hypermultiplet 
sectors. 

In the rigid supersymmetry limit, a quaternionic manifold reduces to a hyper-Kahler 
manifold. In this paper we study the hyper-Kahler manifolds that are in the image of 
the c map, but we expect that our results can be generalized rather straightforwardly 
to quaternionic manifolds in the context of an appropriate superconformal multiplet 
calculus. In this way we cover quite a large class of hyper-Kahler manifolds. While the 
form of the metric in 'special coordinates' has been known for quite some time p, ^, we 
study the behaviour of various geometric quantities, such as the Sp(l)xSp(ra) one-forms 
in terms of which the hyper-Kahler manifold is defined |]^, under the diffeomorphisms 
induced by the symplectic reparametrizations in the underlying special Kahler space. Our 
hope is that, eventually, this will help us to constrain the perturbative string corrections 
for the hypermultiplets in type-II string compactifications, guided by what we know from 
the vector multiplet side. In other words, we intend to explore the consequences of special 
geometry for the corresponding systems of hypermultiplets. 

In practical applications hyper-Kahler and quaternionic manifolds are difficult to deal 
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with because they are usually encoded in terms of a (4?T,)-dimensional metric, whose 
equivalence classes are provided by general diffeomorphisms. This in contradistinction to 
the special Kahler manifolds, which are conveniently encoded in terms of a holomorphic 
function p and whose equivalence classes are described by a more restricted group of 
reparametrizations, due to supersymmetry and gauge invariance. These reparametriza- 
tions are associated with symplectic matrices, which act on the (anti-) self dual components 
of the field strenghts. Fixed points of these transformations correspond to invariances 
of the equations of motion. Such duality invariances have a long history in extended 
supergravity theories 0, |l^. As it turns out the description in terms of holomorphic 
functions and the symplectic reparametrizations are essential ingredients in the defini- 
tion of 'special geometry' [^, |12[. They were important tools in the study of Calabi-Yau 
manifolds [113], nonperturbative phenomena in supersymmetric gauge theories [111 



as 



well as in studies of low-energy effective actions for vector multiplets arising from N = 2 
supersymmetric string compactifications and tests of string duality [|15| . 



In the past, important information on quaternionic manifolds was obtained via the c map. 



For instance, it was argued in B IT6| that the c map is closely related to the method 



employed in IjT^] for the classification of normal quaternionic spaces (i.e., quaternionic 
spaces that admit a solvable transitive group of isometrics). In a general analysis 
was presented of the isometry structure of the quaternionic spaces in the image of the c 
map. With the exception of the quaternionic projective spaces, all normal quaternionic 
spaces are contained in the image of the c map. Part of the solvable algebra of isometrics 
coincides with the duality invariances of the underlying special Kahler spaces. The 
symplectic reparametrizations of the special Kahler space now correspond to a subclass 
of the diffeomorphisms of the quaternionic space whose effect can be fully incorporated 
in the holomorphic function on which the quaternionic or hyper-Kahler metric depends. 

In view of these applications we will exhibit the effect of the symplectic reparametriza- 
tions on various quantities that play a role on the hyper-Kahler side. As alluded to 
above, among those are the Sp(l)xSp(n) one-forms, which we determine explicitly from 
the Kahler side. In order to do this we have to cast the results of on the general hyper- 
multiplet Lagrangians in a different form. Under the symplectic reparametrizations the 
hyper-Kahler forms transform covariantly. This means that the duality invariances on 
the Kahler side take the form of triholomorphic isometrics of the hyper-Kahler manifold. 

We also consider the possible central charges that may be generated as surface terms in 
the anticommutator of the supersymmetry charges. It turns out that the vector multiplets 
generate the scalar and pseudoscalar charges associated with the holomorphic BPS mass 
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and a vectorial central charge expressed in terms of the integral over the pull-back of 
the Kahler form. The hypermultiplets on the other hand only exhibit vectorial charges 
expressed as integrals over the pull-back of the hyper-Kahler forms. In three dimensions 
the central charges associated with these two multiplets can be related via the classical 
mirror map. 

We should add that our work has no direct implication for recent studies of nonperturba- 
tive supersymmetric gauge dynamics in three dimensions . In those studies one deals 



with effective actions based on a nonabelian gauge theory, where one of the three spatial 
dimensions is compactified to a circle of finite or zero length. However, in our work we 
start from a generic four-dimensional abelian gauge theory (which may be related to the 
effective action of some underlying supersymmetric gauge theory) without paying atten- 
tion to its possible dynamic origin. Upon compactification of one dimension to a circle, 
this theory does not fully capture the dynamics of the underlying theory associated with 
the circle compactification. So within this setting we have to content ourselves with 
exploiting the relation between two classes of four-dimensional supersymmetric theories, 
based on vector multiplets and hypermultiplets, respectively. 

This paper is organized as follows. In section 2 we introduce the general action for vector 
multiplets and the corresponding symplectic reparametrizations. In section 3 we discuss 
the reduction of these theories to three dimensions and elucidate certain features rele- 
vant for finite compactification radius. Furthermore the geometry of the resulting hyper- 
Kahler target space is studied, including a classification of its isometrics. In section 4 
we present a short derivation of the general supersymmetric action and transformation 
rules for hypermultiplets, in a slightly different setting than in [0]. In section 5 we dis- 
cuss the emergence of an extra SU(2) symmetry group, contained in the automorphism 
group of the supersymmetry algebra, when descending to three dimensions. We give a 
detailed treatment of the classical mirror map and use it to determine explicit expres- 
sions for the one-forms in terms of which the hyper-Kahler manifold is defined, as well as 
other quantities of interest. These one-forms transform covariantly under the symplectic 
reparametrizations induced by the underlying Kahler geometry. We close with a discus- 
sion of the various central charges that may emerge in theories with vector multiplets 
and hypermultiplets and we exhibit their relation under the mirror map. 

2 Vector multiplets 

We start by a discussion of the features that are relevant for this paper of rigid N = 2 
supersymmetric systems in four dimensions consisting of vector multiplets. In particular 
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we emphasize the symplectic reparametrizations of systems of abehan vector multiplets. 
As is well known [Q, the general supersymmetric Lagrangian for N = 2 vector mul- 
tiplets is encoded in terms of a holomorphic function F{X). Here the arguments 
(/ = 1, 2, . . . , n) denote the complex scalar fields of the n vector multiplets. In the con- 
text of this paper we restrict ourselves to abelian vector multiplets. The corresponding 
Lagrangian can be read off from and, after elimination of auxiliary fields and Fierz 
reordering, is equal to 

+ lt{FuF-jF-'^'^ - FuF+jF+'>^'^) 
-\Nij{Q''^Qf + Qj^Q^') - \t{Qi^FijQ'' - Q''^FjjQ:l 
-lt{FjjKni a>^^F-J e^^ - Fuk^'' a'^'^F^^J fi^'^ e,,) 
+ i-,^{FJJKL + iN^'''{2FmikFjln - \FmijFkln)) ^l^y.M^e'' a^^'^Qfe"' 
-h^{FijKL - iN'^''{2FmikFjln - \FmijFkln)) a.^n^' e,,n^'' a^'^n'^^e^i 
-A.N'I''FmijFkln n^^'n^'' , (2.1) 
where we use the notation 

Njj = -tFjj + iFjj, N'' = [N-'Y', (2.2) 

with Fi^...i^ denoting the /c-th derivative of F. The fermion fields VL carry a chiral SU(2) 
index, = 1,2. The spinors with lower SU(2) index, fif, are of positive chirality, 

i.e. 7^f2f = fif; the spinors with upper SU(2) index, , are of negative chirality. The 
tensors are the (anti-) self dual components of the gauge fields. In the free theory 
the holomorphic function F{X) is quadratic, and its second derivatives determine the 
coupling constants gu and generalized theta angles 9ij according to 

2vr 9u 

The nonlinear sigma model contained in ( p.l|) exhibits an interesting geometry. The 
complex scalars X^ parametrize an n-dimensional target space with metric gjj = Nij. 
This is a Kahler space: its metric equals gjj = d'^K{X, X)/dX^ dX'^ , with Kahler 
potential 

K{X,X) =iX^ Fi{X) -iX^ Fi{X) . (2.4) 

The resulting geometry is known as special geometry. Nonvanishing components of the 
Levi-Civita connection and the curvature tensor are given by 



r'j^ ^ g'%gj,l = -tN''^FjKL 
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(2.5) 



It is possible to choose different coordinates and view the as holomorphic 'sections' 
X^{z) [^. As it is straightforward to cast our results in such a coordinate-independent 
form, we keep writing them in terms of the X^, which are sometimes called special 
coordinates^. 

We also record the supersymmetry transformation rules for the vector multiplet compo- 
nents (after elimination of the auxiliary fields), 

6Al = £*^e,7^fij + £,,e*7^fi^^ (2.6) 
5ni + T'j^ 5X' nf = 2^X'e, - te^^a^^'^e^ N'^G'^j + \iN'' Fjkl^^^O}'^ e,,e,i , 

where F denotes the Kahler connection and Q^^i is an anti-selfdual tensor defined by 

g;,, = zNjjF^J - iFjjKn^a^^nf e^^ . (2.7) 

The significance of the tensor ( |2.7D and of the particular form of the spinor transformation 
in (|2.6| ), will be discussed shortly. The supersymmetry transformation parameters, e* and 
ej, are of positive and negative chirality, respectively. They transform as doublets under 
the chiral SU(2)r group, which belongs to the automorphism group of the supersymmetry 
algebra. Observe that both the Lagrangian ( ^.1[ ) and transformation rules ( |2.6| ) are 
consistent with respect to SU(2)r, but not, in general, with respect to the U(1)r subgroup 
of the automorphism group. 

It is possible for two different functions F{X) to describe the same theory. The equiva- 
lence is provided by symplectic reparametrizations associated with the group Sp(2n; Z). 
The discrete nature of this group is tied to nonperturbative effects, as the lattice 
of electric and magnetic charges should be left invariant. At the perturbative level, 
the group is Sp(2n;R). The equivalence follows from rotating the Bianchi identities, 
d^{F^ — F~y^^ = 0, and the field equations for the vector fields, d^{G^ — G~)^yi = 0, 
by means of a real symplectic (2n)-by-(2n) matrix. The tensors G'^^j are obtained from 
the Lagrangian (|2.1|) , and read 

G,,i = Fjj F-J - \F,jKnia,,nf e'^ , (2.8) 

^Special coordinates are singled out by supersymmetry. They are the lowest component of an N=2 
chiral reduced multiplet. Strictly speaking the term 'special geometry' was proposed for systems of 
vector multiplets with local supersymmetry . To make a distinction one occasionally uses the term 
'rigid' special geometry. 
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while G^j.j- is related to G^j,/ by complex conjugation. The symplectic rotation between 
equations of motion and Bianchi identities is induced by 



where Uj, V/ , Wu and Z^"^ are constant real n x n submatrices, subject to certain 
constraints such that the total matrix is an element of Sp(2n; R). Consistency with (|2.8| ) 
requires the symmetric tensor Fjj to change as F/j — > (Vj^Fkl + W/l) [{U + ZF)'^]^j. 
This is achieved by the transformations of the scalar fields, implied by 

{fj)^{fj)~{w v){fj) ' 



(2.10) 



In this transformation we include a transformation of Fj. Because the transformation is 
symplectic, one can show that the new quantities Fj can be written as the derivatives of a 
new function F{X). The new equations of motion after performing ( ^.91 ) and ( |2.10| ) then 
follow straightforwardly from the Lagrangian based on F (provided we perform suitable 
redefinitions of the spinor fields, which we will specify shortly). 

It is possible to integrate ( |2.10| ) and determine the new function F, 



F{X) = F{X)-\X^Fi{X) (2.11) 
+ \{U^W)jjX^X^ + \{U"^V + W^Z)/X^Fj + \{Z^Vy^FiFj , 



up to a constant and terms linear in the X^ (which give no contribution to the La- 
grangian ( p. ID ). In the coupling to supergravity, where the function must be homoge- 
neous of second degree, such terms are excluded.^ Obviously F{X) does not transform 
as a function. Such quantities turn out to be rare. Examples are the holomorphic func- 
tion F{X) — ^X^ Fi{X) and the Kahler potential ( p.4|) . For a discussion of this, we 
refer to p2|, In practical situations the expression ( |2.11|) is not always useful, as 



it requires substituting X^ in terms of X\ or vice versa. When F remains the same, 
F{X) = F{X), the theory is invariant under the corresponding transformations. These 
invariances are often called duality invariances and they have been studied extensively in 
the context of extended supergravity theories 0, |1^] . The space of inequivalent couplings 
of n abelian vector supermultiplets is equal to the space of holomorphic functions of n 
variables, divided by the Sp(2n; R) group. This group does not act freely on the space 
^The terms linear in X in ( |2.1l[ ) are associated with constant translations in Fj in addition to the 



symplectic rotation shown in (2.10). Likewise one may introduce constant shifts in . Henceforth 
we ignore these shifts. Constant contributions to F{X) are always irrelevant. We note also that terms 
quadratic in the X^ with real coefficients correspond to total divergences in the action. 
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of these functions. There are fixed points whenever the equations of motion exhibit du- 
ahty symmetries. It is not easy to find solutions of F{X) = F{X), unless one considers 
infinitesimal transformations. In that case the condition reads pUj] 

Cij X' X-^ - 2B' J X-^ Fi + D^'^ FjFj = , (2.12) 

where the constant matrices j, Cjj and D^^ parametrize the infinitesimal form of 
the Sp(2n; R) matrix, according ioU^l + B^V^l — B^ , W ^ C and Z ^ —D. 
For finite transformations, a more convenient method is to verify that the substitution 
X^ — i> X^ into the derivatives Fj{X) correctly induces the symplectic transformations 
on the 'periods' {X^,Fj). 

It is convenient to employ quantities that transform as tensors under symplectic 
reparametrization. Before considering some such tensors let us introduce the following 
notation, 



dX^ 



S\j{X) = U\j + Z'''Fkj{X) 



dxJ 

Z'\X) = [S-\X)Y K Z""^ . (2.13) 

The holomorphic quantity Z^"^ is symmetric in I and J, because Z U"^ is a symmetric 
matrix as a consequence of the fact that U and Z are submatrices of the symplectic 
matrix indicated in 



After these definitions we note the following transformation rules, 

Fij = {Vi''Fkl + Wil)[S-']''j, 
Nij = Nkl[S~Y'i[S-']''j, 

FijK = Fmnp[S ^]'^^i[S ^]^.j[S ^Y'ki 

Qi = S^jQf, Q'^ = S^jQ'-^. (2.14) 

The first three quantities do not remain manifestly symmetric in J, J, but this sym- 
metry is preserved owing to the symplectic nature of the transformation. The Kahler 
connection transforms as a mixed tensor but also acts as a connection for symplectic 
reparametrizations, as follows from 

^ JK - Li- MNl'^ \ Jl"^ \ K 

= -OmS'n [s-Tj [s-'fK + s\ rU [s-Tj [s-'fK . (2.15) 
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From the field strengths F^^ and Gf we can construct tensors that transform as sym- 
plectic vectors. An example is the tensor Q that we defined in ( p.7[ ), which follows fromQ 

G,uI = G],,i-FjjF;J , (2.16) 

This particular combination transforms under symplectic 



upon substitution of 
reparametrizations as 



-iij 



(2.17) 



With this result one can verify that the spinor transformation rule in (2^) is manifestly 
covariant under symplectic reparametrizations. The same is true for the supersymme- 
try variation of the scalar field, but not for the variation of the vector field. This is 
not surprising, because the symplectic reparametrizations are not defined for the gauge 
fields. The reader may also verify that the Lagrangian ( p.l[ ) is invariant under symplectic 
reparametrizations, but only up to terms proportional to the equations of motion of the 
vector fields. 



3 Reduction to three spacetime dimensions 



In this section we reduce the general Lagrangian (|2.1|) for (abelian) vector multiplets to 
three spacetime dimensions. This is done by compactifying one of the spatial dimensions 
(say, the one parametrized by x^) on a circle with radius R and suppressing all the modes 
that depend nontrivially on . The four-dimensional gauge fields then decompose into 
three-dimensional gauge fields and additional scalar fields = A\. If we impose 
the Bianchi identity in three dimensions through addition of a Lagrange multiplier term 
proportional to Bie^^^d^Fl^ and integrate out the field strength, the degrees of freedom 
of the four-dimensional gauge field are captured in the two scalars and Bi. 

Before turning to more explicit results we deal with the consequences of the dimensional 
reduction for the fermions, which, in four spacetime dimensions, are four-component Ma- 
jorana spinors. When reducing to three spacetime dimensions, every spinor decomposes 
into two two-component spinors. In order to discuss this systematically one decomposes 
the Clifford algebra of the gamma matrices in four dimensions into two mutually commut- 
ing Clifford algebras: one is the algebra generated by the gamma matrices appropriate to 
three dimensions and the second one is the algebra generated by 7^. This is accomplished 
by defining 

7^^ = 7^4)7, (/^ = 0,1,2) (3.1) 



^Replacing Fij by F/j in ( 2.16 ) leads to a purely fermionic expression, which is also symplectically 
covariant. 
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where 

7 = -nV , (3.2) 

so that 7^7^7° is proportional to the identity matrix. This implies that the Clifford 
algebra generated by these three-dimensional gamma matrices acts on the two-component 
spinors in equivalent representations. The gamma matrices 7^ and 7^ coincide with their 
higher- dimensional expressions: 7^ = 7(^4) and 7^ = 7^4). The matrices 7, 7^ and 7^ 
commute with the three 7^^. An observation that will be relevant later on, is that = 7^, 
(T^ = 7^ and 0"^ = 7 form an su{2) algebra: = ia^. 

Because the Dirac conjugate of a spinor involves the matrix 7°, it will acquire an extra 
factor 7 as compared to the four- dimensional definition. Correspondingly we absorb a 
factor 7 into the three-dimensional charge-conjugation matrix C. With this definition 
we have the following identities 

CYC'^ = -Y^, C-f'C-^ = 7^^, C^C-^ = 7^, CY"C-^ = -7^^ • (3.3) 
It is possible to choose C such that it commutes with 7^, 7 and 7^. 

The material of this section is organized in three subsections. First we discuss the actual 
reduction leading to a supersymmetric nonlinear sigma model in three dimensions. Then 
we elucidate the geometrical aspects of the target space. Finally, in a last subsection, we 
discuss the isometry structure of the target space. 

3.1 The reduction 

Now we turn to the Lagrangian of the compactified theory. After converting the three- 
dimensional gauge field into a scalar field, the terms in the Lagrangian ( |2.1|) that contain 
the field strengths, are replaced by 

-li{Fij WlW'^' - Fjj WlW') 

-\i(FuK^l Wlri^^'fe'' - FuK^^' Wlriz^'^'e,^ , (3.4) 

where 

Wl = 2iN'\d,,Bj-FjKd^A'') 

+ \iN''(Fjkl n*^7M73^^^'^£., + FjKL 7^.73^^^*^) . (3.5) 

Substituting this into ( |3.4| ) and combining with the other terms of the Lagrangian ( |2.1| ) 
yields 

47r £ = i(d^Fi d^X' - d^Fi d^X') - N'\d^Bi - FjKd^A''){d^Bj - FjmB^A^) 
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+ \iFijK{n''^X'nf + i^^'N'^^Bl - FLM^A^')l,^'''e,,) (3.6) 

- hK^iJKL - ?>iN^''' FMiIKFjL)N)^''lzl^.^''e,, ^^^37^^'''^^ 

i-^N'^'FMijFKLN {2Qij,Q''' Q-^YQ^"^ + ^^7^73^/5^^' n'=^7^73fi'^£fc;) , 



48 

where we have suppressed a factor 2ttR corresponding to the integration over the com- 
pactified coordinate x^. Observe that the Lagrangian remains manifestly invariant under 
SU(2)r. Note also that we keep the fermion fields in their original four-dimensional form, 
i.e. they are doublets of |(1±7^) projections of four-dimensional Majorana spinors. Only 
the definition of the Dirac conjugate has been changed in accord with the rules obtained 
above. 

The above Lagrangian is invariant under the following supersymmetry transformations, 

5Bi = iFije'^ml -iFijEije^QP', 

Sni = 2i^X'^^e, + 2N''{^Bj - FjK^A'')e,,e^ 

+iN''5FjKnf - N''FjklN''^\5Bm - Fm7vM^)£,,73(^^^' , 
5VL^' = -2i^X^-i^e' + 2N^\^Bj - FjK^A^)e'^ej 

-iN''5FjK fi^' - N''FjklN''^\6Bm - FMiv5A^)£^^73^^t • (3.7) 

Under symplectic reparametrizations {A, B) transform as a symplectic pair, just as the 
field strengths (cf. |2.9|). From (A^,i?/) we can construct a complex scalar 



Yi = Bj-FuA\ (3.8) 
which transforms as a (co)vector under symplectic reparametrizations, 

Yi = Yj[S-^Yi. (3.9) 
The supersymmetry transformation rule for Yi equals 

5Yi - V'jj 6X' Yk = -NjjSije'n^-' + iFuk N'"^ % e'^s^f , (3.10) 

10 



where the left-hand side takes the form of a symplectically covariant variation, while 
the right-hand side is explicitly symplectically covariant. Observe that and Yj all 
transform holomorphically, i.e., their supersymmetry variations are proportional to e* 
and not to Cj. This observation will be relevant in subsection 3.3. All supersymmetry 
variations take a symplectically covariant form, as follows from using the transformation 
properties given in section 2. 

After the dualization of the vector to scalar fields, the symplectic reparametrizations can 
be applied to the equations of motion or directly to the Lagrangian. These reparametriza- 
tions express the fact that the theory retains its form under certain diffeomorphisms, 
provided that we simultaneously change the function F{X). As with general diffeomor- 
phisms, this is not an invariance statement, but it characterizes the equivalence classes 
of the theory as encoded in functions F{X). Henceforth we will use the term 'sym- 
plectically invariant' to indicate that quantities retain their form under the combined 
effect of a certain diffeomorphism and a change of the function F{X). The Lagrangian 
( p.6| ) is symplectically invariant. In particular we note that the four-fermion terms are 
proportional to either the special Kahler curvature or to the symmetric tensor 

CljKL = FjjKL + ^iN'''^ Fmhj Fkl)n . (3.11) 

Both tensors are symplectically covariant. The latter tensor vanishes for a symmetric 
Kahler space (defined by the condition that the curvature tensor is covariantly constant). 
As mentioned above, the above supersymmetry transformations are covariant under sym- 
plectic reparametrizations. 

If the function F{X) describes an effective four-dimensional gauge theory, based on 
charged fields which have been integrated out, then the 6'- angles are defined up to shifts 
by 27r (at the nonperturbative level). Consequently the quantity F/j is only defined 
up to an additive integer- valued matrix.^ From this observation it follows that, after 
compactifying on a circle, we must identify Bi with Bi plus an integer times . Fur- 
thermore the fields are only defined up to an integer times 1/i?, as a consequence of 
four-dimensional gauge transformations with non-trivial winding around the compactified 
direction.^ Therefore, consistency requires that also Bi is defined up to an integer times 
1/R. At the perturbative level the corresponding invariance is realized by continuous 
transformations as can be seen from (|3.6|) , which is invariant under F/j Fjj + c/j and 

^In principle the integers are multiplied by a certain constant determined by the embedding of the 
corresponding U(l) group into the nonabelian gauge group of the underlying field theory. This constant 
is set to unity. 

^For simplicity, we have set the I-th elementary charge equal to unity. 
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Bj Bj + cjjA'^ , where the constants cjj constitute an arbitrary real symmetric tensor. 
These transformations correspond to the continuous Peccei-Quinn symmetries and are 
consistent with the transformations induced by the symplectic reparametrizations of the 
underlying vector-multiplet theory. Note that these transformations do not presuppose 
invariance under continuous shifts of the fields Aj, which, at finite R, do not represent 
a symmetry at the perturbative level. It is here that our approach fails to capture the 
dynamical effects associated with the compactification, just because we take F{X) from 
a four-dimensional setting. This has no direct bearing on the fact that the target space 
parametrized by the {A^ , Bj) fields constitutes a torus T^", whose periodicity lattice is 
in fact directly related to the lattice of dyonic charges. Globally the full space is a fibre 
bundle over a special Kahler manifold with fibre T^". In the limit R ^ 0, the torus 
decompactifies to R^". 

Let us discuss some properties of the torus at a given point X in the special-Kahler 
moduli space. First we determine the volume of T^", which turns out to be independent 
of X. To see this one integrates the square root of the determinant of the {A^ , Bj) metric 
given in ( |3.6| ) over the torus. Including the factor An from the left-hand side of ( |3.6| ) and 
the factor 2itR from the integration over the compactified coordinate x^, we find 

y(T2") = (4i?)-". (3.12) 

Secondly, consider the invariant lengths of cycles 7(X) : t t-^ {X^; A^ (t), Bi{t)), which 
depend on the point X in the special-Kahler moduli space. For the cycles 7^/ and 75/ 
in the A^ and B^ directions, these lengths are equal to 

^A'iX) = y{FN-^F)n, isAX) = ^^/iN^ . (3.13) 

When X^ approaches a point where the Kahler metric becomes singular, one of the cycles 
ilAi^lBi) shrinks to zero while the other one grows to infinite length. 

At this point it is tempting to identify the torus at X with the Jacobian variety of 
an auxiliary Riemann surface A4x that underlies the four-dimensional nonperturbative 
dynamics of a gauge theory in the Coulomb phase [Q. Its effective action takes the 
form of ( |2.1| ) and the abelian vector multiplets are then associated with the Cartan 
subalgebra of the underlying gauge group. Singularities in the effective action associated 
with the emergence of massless states correspond to a pinching of the auxiliary Riemann 
surface J^x which in turn leads to a degeneration of its Jacobian variety.^ According to 

^In a full three-dimensional treatment, it is possible that nonperturbative effects associated with 
monopolcs wrapping around the circle smooth out some of these singularities; see the first reference of 
El- 
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these arguments one may conclude that the complex scalars Yj take their values in the 
(rescaled) Jacobian, 



JiMx) = CVLx, L 



X 



1 / 
R 



[mj - Fjj{X) n- 



mi, e Z>, 



(3.14) 



where we identify the second derivative of F{X) with the intersection matrix r of the 
Riemann surface A4x- The target space parametrized by all the scalar fields thus coin- 
cides with the holomorphic Sp(2n; Z) bundle of Jacobian varieties over the moduli space 
of auxiliary Riemann surfaces, with metric as given in ( p. 6] ) and transitions functions 
prescribed by the monodromies of the moduli space. 



3.2 Geometric features and symplectic transformations 

A number of geometric features of the target space associated with the metric defined in 
the Lagrangian (|3.6|) deserves further attention. Note that, as a three-dimensional model, 
we are dealing with four independent supersymmetries. Therefore the target space must 
be a hyper-Kahler manifold ||2^, which, in the case at hand, is completely determined 
by the holomorphic function F{X). Some of the properties of the special Kahler space 
are inherited by the ensuing hyper-Kahler space. In particular, when the Kahler space is 
symmetric or homogeneous, then the hyper-Kahler space is also symmetric or homoge- 
neous, respectively. The material of this subsection covers some of the results presented 
in [0 and the relation with the work of . Furthermore we discuss the behaviour under 
symplectic reparametrizations of the special hyper-Kahler manifold. 

The bosonic Lagrangian follows from (|3.6|) . It can be rewritten as 



-N''(d,Bi - \{F + F)iKd^A^) (d^Bj - \{F + F) jm^M*^) . (3.15) 

When the coordinates A and B are frozen to constant values, we have a special Kahler 
space parametrized by the coordinates X^ . Alternatively, freezing the special Kahler 
coordinates yields the torus T^*^. To describe the resulting (4?T,)-dimensional hyper-Kahler 
space, one must specify the metric and three covariantly constant complex structures, 
from which three closed two-forms can be defined. 



The metrics ( p. 15 ) form a subclass of hyper-Kahler metrics constructed by using the 



Legendre-transform method. The latter are characterized by the presence of at least n 
abelian isometries, which are triholomorphic so that they leave the metric as well as the 
closed two-forms invariant. In (|3.15|) , they correspond to constant shifts in A^ and Bj. 
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Hyper-Kahler metrics with at least n triholomorphic abelian isometries can be written 



in the general form |25 



ds^ = Uij{x) dx^ ■ dx^ + {U-\x)y^{d^i + Wik{x) ■ dx^) {dipj + Wjl{x) ■ dx^) . (3.16) 

Here, the coordinates are split according to {x^,(pi}. The n vectors x^ comprise 3n 
components x^^, where A = 1, 2, 3; the remaining coordinates ipi are subject to the shift 
isometries. The tensors Uu and Wjj are independent of ipj and satisfy the hyper-Kahler 
equations 

d>L - dlwf, = e^^^'d^jUKi , (3.17) 

where = d/dx^^ . From this it follows that dfUjx = djUfx- The three hyper-Kahler 
two- forms, given in can be rewritten as (see e.g. p6|) 



cu^ = (dipi + Wij ■ df-^) A dx^^ + Uij e^™dx^^ A dx^^ . (3.18) 

Clearly, they are invariant under constant shifts of (fi, so that these isometries are indeed 
triholomorphic. In the case of ( p.l5|) , we have coordinates x^ = (ReX^, ImX^, — |yl^), 
ipi = Bj and 

Uu = Nij , Wij = (0, 0, Fij + Fu) . (3.19) 

For this solution both U and W are determined by a single holomorphic function F, 
independent of . It can be shown that F is proportional to the holomorphic function 
that appears in the contour-integral representation (cf. P) of the solution (|3.16|) . Note 
also that Wu is symmetric. Other examples of hyper-Kahler metrics of the type ( 3.16| ) are 
Taub-NUT and the asymptotic metric on the moduli space of N SU(2) BPS monopoles. 
These metrics appear in the effective actions of three-dimensional N = A SU(A^) gauge 
theories |]l9l. They are not in the class ( p.l9|) . 

To write down the hyper-Kahler forms and discuss symplectic transformations, it is 
convenient to use the complex coordinates 1/ (cf. ( p.8| )). In terms of the fields and 
Yi the bosonic Lagrangian reads 

47r£ = -Nud^X^d^X-^ (3.20) 

-N''{d,Yj + ziV^^(r - Y)Ld^FiK) {d'^Yj + ^iV*^^(F - Y)Nd^FjM) • 

At this point we note the identity 

d^Yj + tN'^'iY - Y)k d^Fjj = {d^Yi - Vfj d^X' Yk) - iFjjk d^X' N'^'^Yl , (3.21) 

where the first term is just the Kahler covariant derivative of special geometry with 
the connection given in ( |2.5| ); the second term is separately covariant with respect to 
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symplectic reparametrizations, as can be easily verified from ( p.l4|) . Tlierefore tfie above 
Lagrangian is invariant under tfie symplectic reparametrizations, as we claimed already 
in tlie previous subsection. 

Tlie combined {X, Y) space is a liyper-Kaliler space witli Kaliler potential |@| 

K{X,Y,X,Y) = iX^ Fj{X) - iX^ Fj{X) - ^{Y - Y)j N^^ {X, X) (Y -Y)j. (3.22) 
Under symplectic reparametrizations K changes by a Kaliler transformation, 

K{X, Y, k, Y) = K{X, Y, X, Y) + ItZ'-'iX) YjYj - \i Z'\X) YjYj , (3.23) 
where K is evaluated on the basis of the new function F and Z{X) is the symmetric 



holomorphic tensor defined in (|2.13| ). This does not imply that the Kahler metric takes 
the form of a symplectically covariant tensor, because the coordinates Y/, unlike the spe- 
cial Kahler coordinates X^, do not transform as coordinates but as symplectic vectors.[] 
To see this, one first computes the metric from the derivatives of the Kahler potential. 
In the coordinates z"" = {X^ , Yj) we find 

({N + PN~^P)iK {PN-^)i'^\ 
9al= , (3.24) 

where we have defined the symmetric tensor P/j = iFuxN^^iY — Y)^. Under a sym- 
plectic reparametrization, Pjj transforms as 



ij 



[S-Yi[S-']j. (3.25) 



Prl + Frlm Z Y/v 
which implies that the metric is not symplectically covariant. 
The inverse metric satisfies the relation 

n,cg'^^db = -gai, (3.26) 

where VLab is a covariantly constant antisymmetric tensor, 

/ 5/\ 

^ab=\ , . (3.27) 

\-5'k ; 

The covariant constancy follows from ( p.26| ). As a result Vt commutes with the holonomy 
group. Complex structures are then defined by 



\ / afi, 



b - 



similar situation is present in Calabi's construction of hyper-Kahler spaces on cotangent bundles 
with coordinates (X^, Yj) @]. The corresponding Kahler potential \s K = i{X^Fi - X^Fi) - YiN"Yj, 
and is invariant under symplectic transformations. An essential difference, however, is that Calabi's 
metric does not possess the same (triholomorphic) isometrics as the metric described above. 
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with a a phase factor and Via = VtacQ^*- Choosing a = corresponding to, respec- 
tively, J^, J^, the matrices satisfy 

J^J^ = -l(5^^-£^™jn. (3.29) 



Finally, the hyper-Kahler forms can be computed from (|3.18 ) or, equivalently, from the 
complex structures. One finds 

= -tKxx dX A dX - iKxY dX A d? - iKyx dy A dX - zKyy dF A dF , 
00+ = dX^ A dYi , uj- = dX^ A dYi . (3.30) 

Observe that is purely (anti-)holomorphic, as already mentioned in @, ^. This will be 
important when we discuss the central charges in section 5. These two forms are closed 
so that locally they can be written as an exterior derivative of the following one-forms, 

= liKxdX + ^iKYdY -^iKxdX -liKYdY , 

A+ = ixMy}-|r/dx^ A~ = ixMF/ - iF/ dx^ (3.31) 

Under symplectic reparametrizations, these one-forms are invariant up to an exact form. 
For this follows from ( p.23[) and for A+ this can be seen from noting that the second 
term is manifestly symplectically invariant, whereas the first term equals the second up to 
an exact form. Therefore the corresponding hyper-Kiihler two-forms are symplectically 
invariant. For uj^ this can also be seen directly by observing that replacing the one-forms 
dY by the symplectically covariant forms dYj + iN-^^YKdFij, does not change cu^. Note, 
however, that the corresponding tensors are not symplectically covariant, just as the 
metric was not a covariant tensor. This is again related to the fact that the symplectic 
reparametrizations act differently on the X^ and Yj. 



3.3 Isometries 

As explained in detail in [|1^] the isometry group of a special Kahler manifold extends in a 
characteristic way when performing the c map. The additional isometries are called extra 
symmetries when their origin can be understood directly from the four- dimensional gauge 
transformations, or hidden symmetries when their existence is not generic and depends 
on special properties of the manifold. In [|T8| this was discussed for special quaternionic 
manifolds (i.e., in the case of local supersymmetry). In this subsection, we give a similar 
discussion for the special hyper-Kahler manifolds. Here the extra symmetries follow 
directly from the gauge symmetry in four dimensions and correspond to constant shifts 
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in and in Bj, as we discussed previously. In the complex basis the extra isometries 
take the form 

SYj = (3i~ Fija' , (3.32) 

with real parameters. They leave the metric invariant and also the closed two-forms a;^ 
of ( |3.30[ ). By definition, such isometries are called triholomorphic. 

Apart from these, there can be isometries corresponding to duality symmetries of the 
original four- dimensional action of the vector multiplets. These isometries are associated 
with the symplectic reparametrizations, leaving the function F unchanged. Because 
the two-forms are symplectically invariant, these isometries are also triholomorphic. 
There can be additional isometries of the special Kahler manifold that do not leave 
the full action invariant [l^, Those isometries do not take the form of symplectic 
reparametrizations and will in principle not correspond to isometries of the hyper-Kahler 
manifold. 

Just as for the special quaternionic manifolds, we find that hidden symmetries for the 
hyper-Kahler manifolds are subject to certain nontrivial conditions. But unlike the 
quaternionic case, the conditions seem impossible to satisfy unless one makes a rather 
simple choice for the function F{X). Before proceeding to derive the conditions for 
general isometries, we make the following observation. Obviously the commutator of 
an infinitesimal isometry and a supersymmetry variation defines a fermionic symmetry. 
However, we know that the fields and Yi transform only under supersymmetries with 
positive-chirality parameters. Unless the isometries are holomorphic, we will thus gener- 
ate new supersymmetries of the wrong chirality. These can not be accomodated by the 
standard supersymmetry algebra and the theory can only be invariant under them if it 
contains noninteracting sectors, i.e., if the model is reducible and the target space is a lo- 



cal product space (this argument is identical to the one used in [^] for two-dimensional 
sigma models with torsion). So without loss of generality, we may assume that the 
isometries are holomorphic. 

With this in mind we first study the variations of the action under an arbitrary infinites- 
imal isometry that are quadratic in the derivatives of the fields and Bj. This leads to 
the result that the variation of Fjj must take the form 

5Fu = NiKNj. fi^ , (3.33) 

where / is some real function of Y, Y,X,X. Furthermore the transformation rule for Yj 
can be written as 



d 

6Yj = -iNu 



dY, 



2/ + {Yk - Yk) 



dY, 



K 



+ iNuty'''YK, (3.34) 
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where the quantity A^'^(X, X) is independent of Y and Y and antisymmetric in /, J so 
that it cannot be incorporated into the first term for 6Yj. From the fact that the right- 
hand side of ( ^.33| ) must be independent of Y, it follows that the function / depends 
at most quadratically on Y. (Obviously the same conclusion can be drawn for the Y- 
dependence.) Therefore the first term in (|3.34| ) is F-independent. Because 6Y itself must 



also be independent of y , it follows that A^"' = 0. 

Subsequently, consider the mixed variations in the Lagrangian, proportional to a deriva- 
tive of A or S and X. This leads to conditions for the derivatives of 6X^ with respect 
to and Bj, which can be integrated. Specifically, we find two restrictions, 

df 



6X^ ± iN^^ 



dXJ 



= iPl , (3.35) 

A,B 



where depends on X, X, Y and P[_ depends on X, X, Y. The holomorphy of SX^ im- 
plies that (P++P_)'^ depends only on X and Y. Therefore it follows that N^'^df /dX'^\A,B 
must be independent of Y and X, up to terms that depend exclusively on X,X. The 
holomorphy in Y restricts / to the following form, 

fiX,X,Y,Y) = [NiY -Y)Y[NiY - Y)YOjj{X,Y) 

+z[N{Y - Y)YAj{X, Y) + fix, X, Y) . (3.36) 

The holomorphic functions Ojj and Aj can now be expanded in powers of Y. Note that 
the first one is at most quadratic and the second one at most cubic in Y. Also the 
nonholomorphic function / can be expanded in Y, up to fourth order. 

The reality of / yields a large number of restrictions. For instance, the y-expansion 
coefficients of / and A are related, 

[A,(X) - Ai{X)Y'--'- = inNuf'''-'-{X,X) , (3.37) 

where the f^-^^ " must be real. On the other hand, holomorphy in X restricts the f^-^^ " 
to the form 

/^^■■■(X, X) = [X'Fij - Fj) ^■''^^■■■(X) + /i^^ -(X) . (3.38) 

Combining these constraints seems to lead inevitably to the conclusion, at least for non- 
trivial functions F{X), that the f^'^" must be constant. In that case we may rewrite 
( p.36| ) in terms of A and B, and observe that there is no X-dependence anymore. How- 



ever, the function / must be real, so that we conclude that it can be written as the 
sum of a function of A and B and a function of X and X. The latter function can be 
ignored. The independence of X and X now implies that ( p.36|) is a real polynomial in 



A and B that is at most of order two. The terms linear in A and B characterize the 
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shift symmetries ( |3.32| ), whereas the quadratic terms correspond to the isometries em- 
bedded in the symplectic reparametrizations of the special Kahler space. The latter can 
be verified by showing that ( 3.33 ) and ( |3.34| ) take the form of an infinitesimal symplectic 



reparametrization as follows from the first equation of ( 2.14| ) and (|3.9|) , respectively. 



4 Hypermultiplets 

Hyper-Kahler spaces serve as target spaces for hypermultiplets. One of our goals is to 
understand the relation between special Kahler and special hyper-Kahler at the level of 
the full actions for vector multiplets and hypermultiplets, including the fermions. Before 
doing this we briefly review the derivation of the Lagrangian for hypermultiplets in four 
spacetime dimensions. Our analysis, which is self-contained, is closely related to the one 
presented in [0. However, our results are cast in a somewhat different form in order to 
facilitate the comparison with the models that emerge from the vector multiplets under 
the action of the c map. Furthermore, we find that a certain restriction found in is 
unnecessary and in fact too restrictive. 

We assume An real scalars 0^ and 2n positive-chirality spinors and 2n negative- 
chirality spinors C", which are related by conjugation (so that we have 2n Majorana 
spinors). Therefore, under complex conjugation indices are converted according to a ^ 
a, while, just as before, SU(2) indices . . . are raised and lowered. The supersymmetry 
transformations are parametrized in terms of certain 0-dependent quantities 7"^ and Va 
as 

6C = #V-50^r^";3C^. (4.1) 

The definition of F and F will be discussed shortly. As it turns out, with the proper defi- 
nition, the above ansatz comprises the full supersymmetry transformation laws. Observe 
that the variations are consistent with a U(l) chiral invariance under which the scalars 
remain invariant, which we will denote by U(l)j^ to indicate that it is a subgroup of the 
automorphism group of the supersymmetry algebra. However, for generic ■y^ and Va, the 
SU(2)r part of the automorphism group cannot be realized consistently. In the above, 
we only used that and are related by complex conjugation. Our notation is similar 
but not identical to the one used in |^ . 



A first condition on the quantities and Va follows from the closure of the supersym- 
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metry transformations (|4.1|) on the scalars. This yields the Chfford-hke condition 

li Vlt + it' = 6i 6i . (4.2) 

Subsequently let us turn to the action, which we parametrize as 

47r£ = -lg^^d,<p^dy^ - G^p{CPC^ + C^pC) + CiC) , (4.3) 
where Gap is a hermitean metric^, and we use the covariant derivatives 

D^C = d,C + d,(l)''TA''pC^, D^C = d,C + d,<l>^Tj'-^C^. (4.4) 
The Noether term thus takes the following form, 



47r£^ 



r#^c^ (4.5) 



Observe that only a linear combination of the two connections appears in the action. 

Considering various terms of the supersymmetry variation of the action ( |4.3D leads to 
further conditions. Cancellation of the variations proportional to d'^cj)^ implies 

9AB ig = G^p Vi, , gAB ll ' = Gpa Vf. (4.6) 
Then variations proportional to dpip^ require 

2Gpa DsVXi + DsGpa = > 

2GpaDBVX^ + DBG^aVf = 0. (4.7) 

Note that the first covariant derivative in ( ^.7| ) contains also the Christoffel symbol 
{A; BC}. Now redefine the connections according to 

G^a^A^^ + IDaG^q G^a^jCp ■ (4.8) 

Taking the difference, one sees that this modification does not modify the Noether term. 

Furthermore, one can verify that the ■y^ tensors are covariantly constant with respect to 

the connection F, and so is the metric Gap- Thus we replace the connections everywhere 

by the new connection and drop the caret. These are then the connections that appear 

® A possible antihermitean part can be absorbed into the Noether term, modulo a total derivative. In 
principle, it is possble to absorb G into the definition of the fermion fields, but we refrain from doing so 
for reasons that will become clear in due course. 
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in the variations of the spinor fields in ( [4.1| ) and, as it turns out, no additional terms 
quadratic in the spinor fields are required in these transformation rules. 

According to the above results we define four real, antisymmetric covariantly constant 
tensors, 

4b = ^iMa {a'^y, , (A = 1, 2, 3) (4.9) 

and 

CAB = t{lMaK^-9AB). (4.10) 

It follows that C must vanish, so that 7 and V are each others inverse, 

VTl0 = ^]^%- (4.11) 
The precise analysis leading to this result is somewhat subtle, and is based on an extension 



of the arguments used in ||2^ . It makes use of the fact that the five covariantly constant 
two-rank tensors, the metric, the and C, and products thereof, must commute with the 
curvature tensor and therefore with the holonomy group. The latter can act reducibly, 
so that the target space factorizes and the model decomposes into the sum of several 
independent models. If the holonomy group acts irreducibly, then according to Schur's 
lemma, the algebra generated by the above tensors must be a division algebra. This 
implies a degeneracy between the tensors ( |4.9| ) and ( [4.1(J ). Combining this fact with the 
Clifford property leads to ( [l.llj ). 



From ( 4.11| ) it then follows directly that the J'^ are complex structures, satisfying 

J^J^ = -15^^-£^™J", (4.12) 

reflecting the well-known result that the target space must be hyper-Kahler. 
Furthermore we note the existence of covariantly constant antisymmetric tensors, 

^^-p = 9AB it lf(s , ^^'^ = 9^"" Vf Vi , (4.13) 

satisfying 

e^,^^-^vf = 9ABll. (4.14) 
According to (4^) and ( 4.14| ) the 7 and V tensors are linearly related and pseudo-real. 



Therefore the tensor f2 is also pseudo-real and it satisfies 

^^^W^ = -bl. (4.15) 

The existence of covariantly constant tensors implies a variety of integrability conditions 
for the curvature tensors. From the constancy of Gafi and fi^^ we obtain, 

RaB^ol = —Ga^y G^^ Rab's 5 RAB'[a. ^0]^ = . (4.16) 
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These conditions imply that Rab^p takes values in sp{n) = usp{2n; C) so that the holon- 
omy group acts symplectically on the fermions. 

Furthermore, constancy of the 7 tensor implies 

Rabd"" 7Fa - Rab\ 7g = . (4.17) 
From this result one proves that Riemann curvature and the Sp(n) curvature are related, 

J^AB a — ABE lia ' 

RaBd'' = RAI^alf-pVi,^. (4.18) 

Using the pair-exchange property of the Riemann tensor and contracting with 7*-^ 7^ one 
derives 

Rab^^ = \W^e^s yk G^'^ , (4.19) 

where 

W^p^s = RabS 7.4 ff G,s = \Rabcd li if 1% 7f • (4-20) 

The tensor W can be written as Wap'ys by contracting with the metric G and the 
antisymmetric tensor Q. It then follows that Wap-ys is symmetric in symmetric index 
pairs (ajS) and (7^). Using the Bianchi identity for Riemann curvature, which implies 
gD[ARBcf al0 = 0, one shows that it is in fact symmetric in all four indices. 

Hence all the curvatures are expressed in terms of the fully symmetric tensor Waf^^s- 
From this result many other identities for the curvatures can be derived. In particular 
we note the identity 

i?AB^[^7|. = 0, (4.21) 

which plays a crucial role in proving the supersymmetry of the action. For that, one 
needs to include a four-fermion interaction into the Lagrangian, equal to 

An C{C) = -IW^p^s Cl,C^ C VC' ■ (4.22) 

All the above results are closely related to the ones derived long ago in 0. One feature 
that is different is the presence of a fermionic metric, which, as we will demonstrate in 
the next section, is important in exhibiting the effect of symplectic reparametrizations 
for models in the image of the c map. Another feature concerns the condition imposed 
in that 7.^7^* + 7i^7/3 * be proportional to the product of g^'~^ and Gap and inversely 
proportional to the number of hypermultiplets n. We found no need for this condition. 
In fact, it is in contradiction with the case of free fields, where no 1/n terms can arise. 
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5 Applying the mirror map 



Prom the material of the previous sections we will explicitly extract the basic quantities of 
the hyper-Kahler space that emerges from the four-dimensional N — 2 vector multiplets 
under the action of the c map. Before doing so, it is important that we first discuss 
the extension of the chiral SU(2)r x U(1)r automorphism group of the supersymmetry 
algebra in four spacetime dimensions to S0(4). Of course, it is well known that the 
automorphism group in three dimensions contains SO (4), but we are interested in the 
way this extension is reahzed, namely by promoting the U(1)r group to SU(2). With the 
aforementioned SU(2)r one thus obtains the group (SU(2) x SU(2))/Z2 ~ S0(4). 

In section 3 we already made reference to the fact that the independent combinations 
of four-dimensional gamma matrices that commute with the three-dimensional ones, 
constitute an su{2) algebra. Therefore spinors e* in a four-dimensional spacetime, which 
transform under a chiral SU(2)r x U(1)r, group, can in principle transform under a bigger 
group after descending to three dimensions. However, we are not interested in any such 
extension, but only in those that constitute a subgroup of the automorphism group of 
the supersymmetry algebra in three spacetime dimensions. 

To understand the fate of the su{2) let us momentarily consider N — 1 supersymmetry 
in four spacetime dimensions. The four-dimensional automorphism group contains a 
chiral U(l). According to the above arguments this group can be extended to SU(2) 
in the reduction to three spacetime dimensions; its generators are just proportional to 
the three hermitean matrices a^, a^, that were defined in section 3. This SU(2) group 
is consistent with the supersymmetry algebra, but it cannot be realized on Majorana 
spinors. The Majorana constraint requires the phases appropriate to the group SL(2), 
which, in turn, is not consistent with the supersymmetry algebra. So, unless one doubles 
the spinors, the automorphism group U(l) remains unextended when descending to three 
spacetime dimensions. 

Starting from N — 2 in four dimensions, on the other hand, naturally incorporates such 
a doubling of spinors. The spinor doublets then transform under chiral SU(2)r x U(1)r 
and the extension of the U(l) group to SU(2) is automatic. Starting with a (nonchiral) 
Majorana doublet (which comprises eight real independent components), the SU(2)r 
transformations act according to 



In three spacetime dimensions the group U(1)r is extended to SU(2), with matrices U 




(5.1) 
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that are asssociated with the generators it". They act according to 



e' , (5.2) 



where {c'^Yj equals the skew-symmetric imaginary cr-matrix. This extra SU(2) commutes 
with SU(2)r by virtue of the fact that they both have a skew-symmetric invariant tensor, 
((T^)*j and 0"^ = 7^, satisfying U = a^U and hkewise for U and a^. It is convenient to 
write the above transformations in infinitesimal form employing chiral spinor components. 
Defining U 1 + iidaO"", one obtains 

5ei = -^10(2 ei + Isijiai - 16(3)^^6^ . (5.3) 

The above results show that a proper basis for the extra SU(2) transformations is obtained 
by choosing 

e+ = |V27^(ei - ^^2) , e" = iV2(e' - ?e') , 

e+ = i 7273(6^ + ie2), e_ = 1^2(61 +ie2). (5.4) 

These spinors are eigenstates under both cr^ and ct^ and transform under phase transfor- 
mations under both U(1)r as the S0(2) subgroup of SU(2)r. Upper- and lower-index 
spinors are related by conjugation. 

Now let us consider the reduction to three dimensions of the actions presented in sections 2 
and 4 for vector multiplets and hypermultiplcts. As pointed out previously, the vector 
multiplet Lagrangian and supersymmetry transformations are manifestly covariant with 
respect to the SU(2)r group, but not to the group U(1)r (at least, not in the general case). 
Consequently, when descending to three dimensions, the symmetry group is not enhanced 
and we are left with the SU(2)r transformations and the symplectic reparametrizations. 
On the other hand, the hypermultiplet Lagrangian and supersymmetry transformations 
are generically only covariant with respect to the group U(1)r and when descending 
to three dimensions, this group is enhanced to a full SU(2) group, with elements U. 
However, consistency requires that this extra SU(2) group commutes with the holonomy 
group and therefore its action incorporates the antisymmetric tensor constructed in 
the previous section. Infinitesimally the SU(2) transformations act on the hypermultiplet 
fermions according to 

SC = iia2C"-iG"^^^7^(ai+za3)7\^ 

SC = -i^daC- ^^^"^^^/^(ai -««3)7V- (5.5) 
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In other words, when systems based on both vector multiplets and hypermultiplets are re- 
duced to a three-dimensional spacetime, the target space factorizes into two hyper-Kahler 
manifolds which will both possess an independent SU(2) invariance group, correspond- 
ing to different factors of the SO (4) automorphism group of the supersymmetry algebra. 
This reflects the general situation in = 4 supersymmetric sigma models in three di- 
mensions, even when coupled to supergravity. In the latter case the sigma model target 
space factorizes into two quaternionic spaces, whose Sp(l) holonomy groups consitute 
the two different factors of the SO (4) group f^. This situation is typical for the case of 
= 4 supersymmetry. 

The above observations are essential to reconcile the fermionic supersymmetry transfor- 
mations ( |3.7| ) with those of the hypermultiplet ( [4.1| ), after dimensional reduction. The 
S0(2) subgroup of SU(2)r will play the role of U(1)r after applying the mirror map and 
returning to four spacetime dimensions. Consequently, we must identify the fields and 
with combinations of the vector multiplet spinor fields, fif and , that transform 
as eigenspinors under the SO (2) group with the proper phase transformations. For the 
spinor parameters, this means that we must convert to the previously introduced spinor 
parameters and e± (cf. ^.4|) . These requirements motivate us to make the following 
identification, 

= (^-ly/2-f'\Q'' + tQ^'),lV2{Q{ + tQi)), (5.6) 

where the relation between and proceeds via Dirac conjugation and the Majorana 
condition. 

Let us first comment on the various factors in ( |5.6| ). As explained above, the identifica- 
tion is such that the transform under the S0(2) subgroup of SU(2)r with a uniform 
phase. The then transform with the opposite phase. The relative factors 7^ follow 
from the requirement that the fermions on the right-hand side, whose supersymmetry 
transformations follow from ( p.7|) , will take a form similar to the transformations of the 
hypermultiplet fermions, as given in ( [4.1D , when descending to three dimensions. Both 
the overall and relative factors of 7^ are required to match the chirality of both sides of 
the equations. The phase factors adopted for the various components in (p.6|) , are some- 
what arbitrary. They can be changed a posteriori by performing certain redefinitions. 
The same comment applies to the phase factors adopted in the definitions of the spinors 

In three dimensions, ( p.6|) and ( |5.4|) represent simply a different basis for the spinors 
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that play a role in the vector multiplet. However, from the point of view of the four- 
dimensional Lorentz group, this choice of basis has nontrivial implications. When assum- 
ing that the newly defined spinor fields transform in the conventional way under the four- 
dimensional Lorentz transformations, one implicitly exchanges the SU(2)r and the extra 
SU(2) group that contains U(1)r. More precisely, taking the vector multiplet to three 
dimensions, the four-dimensional gamma matrices are related to the three-dimensional 
ones, properly combined with the SU(2) generators denoted by a". Returning to four di- 
mensions in the same way as before, but on the basis of the newly defined spinors, implies 
that the four-dimensional gamma matrices are now formed from the three-dimensional 
gamma matrices combined with the SU(2)r generators a"". Thus the mere switch in the 
spinor basis suffices to correctly implement the mirror map. 

The fermion basis ( |5.6| ) shows an obvious decomposition of the index a according to 
a = {I,r) with the index r taking values r = 1,2; a similar decomposition holds for 
a. This decomposition will be used below. For instance, the Sp(l) xSp(n) one-forms, 
can be written as V^j dcj)"^ = (V^ dip'^Yi. Using ( |5^ ) we can now identify these one- 
forms as well as the Sp(n) connections for a hypermultiplet theory that originates from 
a four-dimensional vector multiplet theory by comparing the fermion supersymmetry 
transformations on vector and hypermultiplet sides. We thus find (strictly speaking the 
indices i now run over +, — ), 



with a = (/, r) and /3 = (J, s). Observe that the above quantities all take their values in 
the quaternions. 

From the transformation rules and/or the action we can now determine all the relevant 
quantities in the hypermultiplet sector, such as the metric, the complex structures and 
the antisymmetric tensor Q. They are all consistent with the general results for hy- 
permultiplets, derived in the previous section. Let us first give the expressions for the 
fermionic metric GajS and the antisymmetric tensor Qa/s^ 




(5.7) 



where W/ 



dBj — FjjdA'^ and a = (J, r), and 




(5.8) 



Gap — jNjj 6rs , 



'al3 — 




(5.9) 
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The one-forms 7"^ take the form, 



/NiKdX 



K 




(5.10) 



where a = {r,I). Furthermore, we present the fermionic Lagrangian that follows from 
( p.6|) and ( p.6|) , which exhibits most of the geometric quantities, such as the tensor W 
defined in (Q), 



2iV^^ C^{^Bl - Flm^A^'X""') + h.c. 



-^.N^^'FmijFmkl C'S.C"' C^S'^C^' . (5.11) 



The tensor W defined in (^4.201) , is thus expressed in terms of the tensor Cjjkl, defined 
in ( |4.10 ), and the curvature tensor of the special Kahler space given in (|2.5|) . Both 
these tensors, and therefore the tensor W, are covariant with respect to the symplectic 
reparametrizations of the underlying special Kahler manifold. The tensor W fully encodes 
the curvature tensor of the special hyper-Kahler manifold. We refrain from giving explicit 
formulae, but wish to point out that these expressions allow for a coordinate-independent 
characterization of the special hyper-Kahler manifolds. We have also verified that the 
tensor W becomes fully symmetric when written in purely (anti)holomorphic indices, 
employing the result for the tensors Ga/3 and given above. 

It is clear from their index structure that the one-forms (|5.7|) transform covariantly under 
the symplectic reparametrizations of the underlying vector multiplet by multiplication 
from the left with matrices 

S'\js =1 _ 1 , (5.12) 



while the one-forms ( [5. 101 ) transform from the left with [S i- In general these trans- 
formations are not contained in the holonomy group Sp(n). 

The above thus constitutes the full construction of a hypermultiplet model in four space- 
time dimensions associated with a specific theory based on vector multiplets. The detour 
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through three dimensions only serves as a means to arrive at these results. Unlike the 
corresponding theory of vector multiplets, the hypermultiplet theory does not exhibit an 
SU(2)r invariance, at least not in the generic case. Only a manifest U(1)r invariance 
remains. All the isometrics of the vector-multiplet target space that represent invariances 
of the full set of equations of motion, remain present as isometrics of the hypermultiplet 
target space. The symplectic reparametrizations of the vector multiplets induce corre- 
sponding transformations on the hyper-Kahler side. In this way we deal with a large 
class of hyper-Kahler spaces. They can be expressed in terms of certain restrictions on 
the curvature tensor. 

We should stress that the general hypermultiplet action is encoded in the one-forms V^, 
but one has to provide one extra ingredient, such as the fermionic metric Ga/3, or the 
antisymmetric tensor VL^p. The expressions given above for these quantities concern the 
special hyper-Kahler spaces and are given in special coordinates. As already alluded to 
earlier, it is straightforward to write them in a coordinate-independent way. In the case of 
local supersymmetry, the one-forms will become Sp(l) sections subject to an appropriate 
projective condition. 

As a last application of the mirror map we turn to the possible central charges that 
can emerge in the supersymmetry algebra for a theory based on vector multiplets or 
hypermultiplets. As the symplectic reparametrizations can be performed in a supergrav- 
ity background |T^, the algebra and therefore the expressions for the central charges 
should be invariant under these reparametrizations. Likewise, the charges should be con- 
sistent with the underlying Kahler or hyper-Kahler geometry. We will determine the 
central charges by evaluating the possible surface terms on the right-hand side of the an- 
ticommutator of two supercharges. To determine this anticommutator we use canonical 
quantization. This approach is the same as the one followed in for the elementary 
super- Yang-Mills system. Here we apply it for an arbitrary function F{X) and arbitrary 
hyper-Kahler metrics. 

Let us first present the supercurrent for the vector multiplet and hypermultiplet theories, 

J,^ = l^9ABliH''l,C ■ (5.13) 

where Q~ was defined in ( p.7| ). The other chirality components follow by complex con- 
jugation. Observe that the first one is invariant under symplectic reparametrizations. 
Obviously the second expression for the hypermultiplet current is invariant under the 
hyper-Kahler holonomy group. The reader may be surprised that the vector-multiplet 
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current contains terms cubic in the fermion fields, whereas the hypermultiplet current is 
hnear in the fermion fields. Still one can verify, by performing the duality transformation 
in the presence of the gravitino field coupling to the supercurrent, that the expressions 
for the two currents become compatible upon reduction to three dimensions. 

To determine the central charges one needs only the Dirac brackets for the fermions, as 
the bosonic brackets lead to terms at least quadratic in the fermion fields, which represent 
super symmetric completions of bosonic terms that are already present in the algebra. In 
this way we find the following commutators for the vector multiplet, 

{Q^.Q,} = -in{l~^'')e,,[x'q,i-Fiql\, (5.14) 

where the vector central charge, is defined by {a,b,c denote spatial indices), 

= ^e^''' J d^x Njj dbX^ d,X^ , (5.15) 

which is an integral over the Kahler two-form; the second anticommutator yields the 
anti-holomorphic BPS mass expressed in terms of the values of and Fi taken at 
spatial infinity (to obtain this result we used the field equations for the vector fields) and 
the electric and magnetic charges.^ Obviously the central charges are invariant under 
symplectic reparametrizations, as predicted above. For the case of a quadratic function 
F our result for the second commutator coincides with that in p9|. The Kahler form 
contribution was presented in [Q. 

For the hyper mult iplets we find a similar result for the anticommutators, 

{QuQj] = 0, (5.16) 
where we now have three vector central charges defined by 

^^'^ = J d'a; J^BM^d,^"". (5.17) 

^The charges Qei and are related to electric and magnetic charges and are defined in terms of 
flux integrals over closed spatial surfaces that surround the charged objects (quantized on a lattice with 
elementary area equal to 2h), 

27rqi=(f {F+ + F-y, 2nq,i=i (G+ + G")/ . 

JdV JdV 

This definition shows that the charges ((7,^, qd) transform under symplectic reparametrizations precisely 
as the field strengths {F^,Gi). 
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The are the three complex structures of the hyper-Kahler space defined in ( [4 .91 ). 

There is a clear systematics in the above results. Note that the central charges for 
the vector multiplet are singlets under SU(2)r, whereas those for the hypermultiplets 
transform as a triplet under this group. In addition to the BPS mass, we find certain 
integrals over the pull back of the Kahler form (for the vector multiplet) and the hyper- 
Kahler forms (for the hypermultiplet). Naively, all these integrals vanish, as we can write 
(locally in the target space) these two-forms as the exterior derivative of corresponding 
one-forms. This then allows us to write the integrands as total derivatives in the base 
space, which can be dropped subject to certain reasonable assumptions on the asymptotic 
values of the scalar fields. Hence the question whether these charges are actually realized 
depends on the kind of boundary conditions that one wishes to impose. For instance, 
in 3 -|- 1 dimensions, if one imposes boundary conditions at spatial infinity such that 
the fields converge in all directions to the same value, with the derivatives vanishing 
sufficiently fast so as to ensure finite energy, then the central charges associated with the 
two- forms will vanish. In 2 -|- 1 dimensions, the situation is different. In that case the 
central charges are expressed as integrals of the (hyper-)Kahler two-forms over the image 
of 0. Topologically this image is S"^, so that the central charges are enumerated by the 
second homotopy group of the target-space manifold. Obviously the central charges set 
a BPS bound in the usual fashion. 

From the perspective of this paper it is of interest to see how the central charges of the 
vector multiplet sector and the hypermultiplet sector are related by mirror symmetry. 
When suppressing the dependence on the compactified coordinate the central charges 
and Z^^ can be finite. It is then straightforward to write down the supersymmetry 
algebra corresponding to ( |5.14| ) in three dimensions. One subtlety is that the momentum 



in the third direction is also a surface integral, which should be added to the central charge 
associated with the Kahler form. As it turns out, the resulting two-form corresponds then 
precisely with the Kahler form uj'^ defined in ( p.28| ) for the hyper-Kahler space. 



In order to apply the mirror map, we write the charges in an alternative basis in corre- 
spondence with the new basis ( p.4| ) for the supersymmetry parameters. 



Q+ = |v^7'(Qi-^Q2), Q- = \V2{Q^ - iQ^) , 

Q+ = \^^\Q^ + iQ^), Q_ = iV2(gi + zQa) • (5.18) 



With these definitions, the three-dimensional version of ( |5.14| ) reads 

1-^5 
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1 5 



2 

2' 



1 ^ 

{Q_,Q+} = 2tn^^{x'q,i-Fiqi,}, (5.19) 



where is now defined in terms of the hyper-Kahler two-form u^. This result coin- 
cides with the algebra relevant to the hypermultiplets upon reduction to three spacetime 
dimensions, which reads, 

1 5 

{Q^,Q'} = ih^^{6./^,P'' + tia%^ Z'^'}, 

{QuQj} = 0. (5.20) 

This demonstrates that the supersymmetry algebra remains consistent with the mirror 
map in the presence of the central charge configurations. A gratifying feature of this result 
is that the holomorphic BPS mass of the vector multiplets is mapped to the holomorphic 
hyper-Kahler two-forms, u^, defined in (|3.2 



Although the above results do not capture the full dynamics of the four- dimensional 
gauge theories in a circle compactification, they are consistent with the results derived 
in the context of three-dimensional gauge dynamics |19[. There the two sets of central 
charges are associated with explicit mass terms and Fayet-Iliopoulos terms, which are 
interchanged under the quantum mirror symmetry. The relation of the central charges 
with integrals of the hyper-Kahler two- forms also arose in that context. 
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